We consider SO(N ) Yang Mills and Einstein theory in five dimensions with a compact fifth dimension. Based in periodicity conditions of the gauge and gravitational fields in fifth coordinate we obtain very interesting features. The allowed universes are closed and the allowed values for the cosmological constant are discreet and positive. We consider both standard and ghost gauge fields. For standard fields the cosmological constant is unbounded from above while for ghost fields the cosmological constant is bounded by a critical value proportional to the inverse constant of motion corresponding to the gauge sector.
Introduction
The smallness of the cosmological constant has been addressed in many different ways and is today an open problem [1] . Motivated originally by the work of Akama [2] (see also [3] [4] [5] ) and the more recent works of Horava-Witten [6, 7] on Heterotic string-theory derived from supergravity in a compact and orbifolded eleventh-dimension, brane-world scenarios, also with a compact orbifolded fifth dimension [8] (usually known as RSI), become very popular.
In these scenarios there are two different concepts of cosmological constant, the bulk and branes cosmological constant. The bulk cosmological constant is interpreted as an effective energy scale for the branes and is taken to be a continuous parameter of the model. The boundary cosmological constant are interpreted as effective brane tensions and usually are fine-tuned trough the boundary equations of motion to be null.
Recently co-dimension 2 brane worlds [9] have become more popular, however there is yet some issues related to the cosmological constant to be explored in co-dimension 1. In particular the inclusion of enlarged bulk gauge groups and consequences of considering compact internal coordinates. Here we address the constraints on the cosmological constant in five-dimensional spaces with a compact spatial fifth dimension. We consider an Einstein gravitational theory together with a SO(N ) Yang-Mills theory such that the gravitational and gauge ansatze are considered to be the most generic compatible with 3-dimensional space isotropy [10] [11] [12] [13] [14] [15] . Minimizing the action by solving the equations of motion and classifying the possible types of solutions we conclude that, for our theory, the universe must be closed and the cosmological constant must be positive belonging to a discrete spectrum.
We note that although SO(N ) is a common grand unification group there is no direct analogy between our theory and the lower dimensional effective string and supergravity theories [6, 7, 16] . Also we consider both ghost and standard gauge fields, recently there was some interest in considering ghost fields in five dimensions in order to stabilize brane worlds scenarios [17] [18] [19] [20] [21] .
In section 2 we introduce our actions and ansatz and compute the respective equations of motions and constraints.
In section 3 we consider the compactification of the fifth coordinate and from periodic conditions on this internal coordinate we infer the allowed space-times compatible with periodicity, i.e. closed. In this section we also derive the equations of motion.
In section 4 we consider the field solutions and respective conditions for ghost and standard fields as well as the allowed spectrum for the cosmological constant.
2 Non-Compact Fifth Coordinate
Actions
We start with the 5-dimensional topology of the form M 5 = S 4 × R where S 4 stands for a 4-dimensional manifold with Minkowski signature and R represents the non-compact fifth coordinate.
We consider a gravitational setup together with a SO(N ) Yang-Mills such that the action is given by
where the gravitational action is 2) and the SO(N ) Yang-Mills action is
where we may consider ghosts or standard gauge fields depending onǫ = ±1 ǫ = +1 ⇒ ghost fieldŝ
Ansatze
For the gravitational sector we consider a static ansatz of the form
with i = 1, 2, 3 and the one-forms w i obeying
Here we consider the shift function (the metric component g 00 = −N (y) 2 ) unity. We note that for generic N (y), time t cannot be redefined such that the shift function is set everywhere to be unity, this is possible for time-dependent shift functions only. The case of generic N (y) will be address somewhere else.
The Einstein convention for the summations of repeated indices is used and κ = −1, 0, 1 depending respectively on the manifold M 3 being open (with negative curvature), flat (with null curvature) or close (with positive curvature). For the moment being we keep the y dependence on b. We note that without loss of generality we can redefine y in order to set b(y) = 1, nevertheless we keep it to show that the equation of motion corresponding to varying b(y) imposes a constraint. This is similar to time-dependent FRW models where a time dependent shift function is considered.
Using the above ansatz we obtain that the curvature is.
Substituting this curvature in action (2.2) we obtain that the curvature term reads
The first term is a total derivative and is integrated out to the boundary (or is null if there is no boundary). Therefore we obtain the effective gravitational action
Here V 4 stands for a regularized volume of S 4 .
The most generic SO(N ) gauge field ansatz compatible with the O(3) space-time symmetries is
where τ represent the SO(N ) generators, χ = (χ k ) is a N − 3 dimensional vector, χ 3 is a scalar and both A t and A y are anti-symmetric tensors on the N − 3 group indices. All fields dependent only on y. The indices (i, j, l) run from 1 to 3 and (k, k ′ ) indices run from 4 to N . The group indices µ = (i, k) are raised and lowered using the diagonal N × N Euclidean metric δ = diag(+, +, +, +, +, . . .).
For the above ansatz we obtain that the gauge connection is
Taking the explicit parameterisation of SO(N ) as given in [12, 14] , substituting the above ansatzs (2.5) and (2.11) in the action (2.3) and integrating over the 4D space-time coordinates (x 0 , x 1 , x 2 , x 3 ) we obtain the effective action
where V χ is a potential given by
We note that there are no derivatives in b nor A y which means that these fields are not real degrees of freedom and are Lagrange multipliers that impose constraints.
We can further simplify our action by redefining y as dỹ = dy a . (2.14)
Again we note that we can set b = 1 from the action by redefining dY = b dy/a. We are first analysing the equations of motion and constraints maintaining b in the equations.
Equations of Motion and Constraints
Resuming our results so far, the full action written in theỹ coordinate reads
(2.15) where the potential for a is
and the prime ( ′ ) denotes differentiation with respect toỹ.
We are first addressing the constraints imposed by b and A y 1 2
The EOM for a, χ 3 , χ k and
We note that the last equation of motion correspond to the Gauss law. We take the trivial solutions
Once we extracted our constraints we can now work with the Y variable
The equations of motion for χ 3 (2.20) and χ k (2.21) can be multiplied by χ 
where E is a constant of motion not to be confused with energy. Given this conservation law we can use it in the right hand side of constraint (2.17), then by differentiating it we obtain the equation of motion for a (2.19). Therefore we showed that the equation of motion for a (2.19) is redundant and it is enough to consider the constraint (2.17). It is missing to analyse the constraint (2.18). It has the generic solution
for free constants α kk ′ = 0. Particular solutions that may be considered allow for one of the fields χ k to be null. Here we will consider all the fields χ k are null, it is enough for the purpose of this work.
To resume we are left with the two equations on a and χ 1 2
where E χ is a free constant 1 , E a is given by
and the potentials are given by
(2.29) 1 It is fixed by boundary/periodicity conditions.
Being the main aim of this work to analyse solutions for a compact fifth dimension we proceed to compactify the Y coordinate.
3 Compactification of the Fifth coordinate and Allowed Configurations
Compactification
Based in very simple geometric arguments we argue that in any compactification scheme our functions must be periodic. Let us assume that we have a non compact coordinate
In order to consider a compactification of this coordinate with period T we consider the usual identification on
which accounts in terms of any function f of Y to the identification
This means that in order to a function of Y to be compatible with compactification it must necessarily be a periodic function. This is valid for any functions we are dealing with, including the g yy component of our metric.
We consider that upon compactification Y lies in the range
where we have chosen a symmetric interval in order to be easier to orbifold our circle [23] .
Also let us briefly address the meaning of b. Once we compactified Y with a certain period T , we can definẽ Y to be a dimensionless variable (with unit period 1) such that we havẽ
or, if we wish, we can have the fifth coordinate to be an angular variable ϕ (with period 2π)
In any of the cases our compactification radius is
We note that this discussion resumes to a choice of convention, the point here is that the line integral over the fifth coordinate must give always the same circle length such that the measure is correctly defined
The meaning of non-constant g yy is simply that our circle is stretching and shrinking as we move along it, topologically it is still a circle. It is important to stress that by redefining the fifth coordinate, as we did in (2.14), (2.23) or (3.6), we still have periodic conditions (although generally the period changes).
Explained these details, for the sake of fixing and explaining our convention, we continue working with the coordinate Y . 
Possible Configurations: Close Space-Times with Positive Cosmological Constant
We plot the two potentials V χ and V a for Λ B > 0 and the several values of κ in figure 1 . And for for Λ B < 0 in figure 2.
By quick graphical inspection we see that the only case that allows simultaneously for periodic a and χ is for closed 4-dimensional space-times with positive cosmological constant, i.e.
This is the case we will analyse in the remaining of our work.
Also by graphical analysis we conclude that for this case χ 3 holds periodic solutions only on the range
with the field oscillating (along y) inside the potential basin and has constant solutions χ 3 = 0 (minimum of the potential) or χ 3 = ±1 (the two unstable maxima of the potential). The remaining possible cases are not of interest for this work since hold non-periodic solutions (for further details on allowed solutions see the first version of [21] ).
As for a we conclude that it must necessarily hold a periodic solution or be a constant solution a = 0 (unstable maxima) or a = ±(1/2) 3/Λ B (the two minima of the potential). There is an important point here, E a as given by (2.28) is fixed by E χ such that it is positive, or negative, depending if we are working with ghosts or standard fields
where for convenience we defined the critical cosmological constant [12] 
This value is always positive, both for ghost and standard fields. For standard fields Λ C has no particular meaning, however for ghosts Λ C gives us the greater possible value of the cosmological constant Λ B that allows for periodic a solutions inside the potential basins. We note that this value is always on the range
, +∞ , depending of course on the value of E χ .
The following ranges for the cosmological constant are therefore obeyed 0 < Λ B < Λ C for ghost fields 0 < Λ B for standard fields (3.13)
A Discretized Cosmological Constant from Periodic Conditions

Solutions for the Fields
Here we are going to compute periodic solutions for the fields χ 3 and a that obey (2.26) and (2.27).
First, for a given constant of motion E, let us compute the turning points, i.e. the values of the potential in which the derivatives dχ 3 /dY and da/dY are null. Considering the equations (2.26) and (2.27) we obtain that the turning points are χ
where, as expected, for ghosts there are no a turning points for Λ B > Λ C . In this case the constant of motion E a is below the value of the potential minima.
By graphical inspection (see figure 1 ) or otherwise we conclude that when the χ field is inside the potential basin the turning points correspond only to χ min .
For the field a we have two distinct cases. For ghost fields (E a < 0), a is inside one of the basins that contains the two potential minima, therefore one turning point will correspond to ±a max and the other one to ±a min . For standard fields (E a > 0), a oscillates between the values a max and −a max .
Parameterizing χ as
and square-rooting the respective equation (2.26) we obtain the implicit solution
where Y 0 is a constant of motion. This integral is the usual Elliptic Function of the first kind. We note that from the above parameterization (4.2) we have that θ = π/2 corresponds to Y − Y 0 = T χ /4.
As for a we have to consider the distinct two cases of ghosts and standard fields. For ghosts (ǫ = +1) we consider the parameterization of a a = 3
and square-rooting the respective equation (2.27) we obtain the implicit solution
where Y 0 is a constant of motion. Again this integral is the usual Elliptic Function of the first kind. We note that from the above parameterization (4.4) we have that θ = π/2 corresponds to Y − Y 0 = T a /2.
For standard fields (ǫ = −1) we consider the parameterization of a a = 3
where Y 0 is a constant of motion. From the above parameterization (4.6) we have that θ = π/2 corresponds to Y − Y 0 = T a /4. This integral has a cosine instead of a sine, in very heuristic terms we note that because cos θ ′ = sin(θ ′ + π/2) this simply means that we have a phase shift of π/2 in relation to the remaining solutions. We will explain how to relate it to Elliptic Functions in a while.
So far we have computed the periodic solutions for the fields a and χ. As we have already seen Y is periodic with period T , then for consistence of our construction both fields must have a period that is a multiple of T . Since we have not specified T , we are only demanding the fields periodicity to be a multiple of each other. In order to impose this constraint we need to compare the coefficients of the sin 2 θ ′ terms with each other and the overall coefficients in front of the integrals. We note that the solution (4.7) has a cos 2 θ ′ term and, for generic θ, we cannot compare the solutions directly. In order to express the integral in (4.7) as an Elliptic Function of the first kind we can use the identity
valid for any θ ∈ ]0, π/2]. However we will be interested in comparing the expressions for θ = π/2 in order to relate the period of the several solutions. For θ = π/2 we obtain the identity
which are Complete Elliptic Functions. Therefore as long as we consider the case θ = π/2 we can compare the periods of the solution for a (4.7) corresponding to standard fields with the solution for χ (4.3).
Imposing Compatible Periodicities for Ghosts
For ghost fields we obtain the relations
where n is an integer or the inverse of an integer n = 1/ñ (withñ integer) depending in which period is greater, T χ or T a .
The solutions for these equations are
One must analyse the allowed range for E χ and Λ B as given by equations (3.10) and (3.13) respectively. This accounts for the following inequalities
The first equation corresponds to E χ , is obeyed for integer n ≥ 9 and does not allow for n = 1/ñ (with integerñ). The second equation corresponds to Λ B , is obeyed for all n = 8, 9, 10, 11 and allows solutions for n = 1/ñ (for all integerñ). We note that the particular case n = 8 corresponds to E χ = 0 and Λ B = 0 that have constant solutions, χ 3 = ±1 (unstable maxima of the potential) and a = 0 (minima of the potential), although trivial these are allowed solutions having defined period. Therefore n = 8 does not correspond to a relation between periods of the solutions (the respective solutions are constants).
Since both equations must simultaneously be obeyed we are left with the constraint n ≥ 12 n ∈ N . Figure 3 : Allowed values of E χ and Λ B for ghost fields. n ranges from the minimum allowed value n = 9 up to n = 50.
In figure 3 we plot E χ and Λ B as functions of n. The cases n = 12 and the limiting case n → +∞ correspond to
where Λ C is a function of E χ as given by (3.12).
Imposing Compatible Periodicities for Standard Fields
For standard fields we obtain 4 1 + −8E χ = n where again n is an integer or the inverse of an integer n = 1/ñ depending in which period is greater, T χ or T a . The solutions for these equations are
(4.16)
Again one must analyse the allowed range for E χ and Λ B as given by equations (3.10) and (3.13) respectively. For these solutions we have the following inequalities
The first equation (corresponding to E χ ) is obeyed for integer n ≥ 5 and does not allow for n = 1/ñ with integerñ. The second equation corresponds to Λ B and is also obeyed for integer n ≥ 5 not allowing for n = 1/ñ with integerñ. There are two particular cases for n = 3 and n = 4 that do not correspond to period relations. For n = 3 we have that E χ = −1/8 and we are in the bottom of the χ potential such that the solution χ = 0 holds. For these solutions we still have periodic solutions for a without any constraint on the period. For n = 4 we have E χ = 0 and Λ B = 0, these correspond to the constant solutions χ = ±1 and a = 0.
So we consider the solutions (4.16) with the constraint n ≥ 5 n ∈ N (4.18) Figure 4 : Allowed values of E χ and Λ B for standard fields. n ranges from the minimum allowed value n = 5 up to n = 50.
In figure 4 we plot E χ and Λ B as functions of n. The cases n = 5 and the limiting case n → +∞ correspond to E standard χ
The original Period T with an Example
In order to give an example of our construction and relate the relative period of the fields χ and a, let us consider the case of ghosts with the lower allowed n = 12 and standard fields with the lower allowed n = 5. We present such example in figure 5 . We note that the implicit solutions as given in (4.3) and (4.5) Figure 5 : The fifth coordinate y plotted versus χ 3 (thick line) and a (thin line) fields for ghost and standard fields. The corresponding n and minimal allowed period T min are indicated for each case. For ghost fields the a solution can also be negative depending around which minima of the potential it oscilates (see figure 1) are only valid for θ ∈ ]0, π/2]. These correspond respectively to one quarter of the period and to half the period of the χ 3 and a fields. In order to achieve a full period (or any length we wish) it is necessary to sew together several segments playing with the sign choice (±) allowed in the solutions and the free integration constant Y 0 .
We can compute the period of χ 3 by setting θ = π/2 (which corresponds to one quarter of the period T χ /4 in the implicit solution (4.3). The limiting cases are What about our original compactification period T ? For compatibility with our construction, it must be a multiple of T χ T = n T T χ (n) n T ∈ N . (4.21)
Note that there is no relation between both integers n T and n.
Conclusions
Based on periodicity conditions on a compact fifth dimension we derived a discrete spectrum of allowed values for the five-dimensional cosmological constant. For universes described by our theory the cosmological constant must be positive and the universes must be closed.
Possible developments of this work may be to consider, for instance, gravitational or gauge perturbations such that we would obtain an effective cosmological constant. We note that here we are considering a bare cosmological constant such that upon the inclusion of matter the field theory (or any other) effects must be taken in consideration. This is actually a very relevant issue since the contributions due to quantum field theory and mechanisms of symmetry breaking do have a significative (undesirable) contribution to the cosmological constant [1, 22] .
